Hardy's well-known inequality relating the norm of a function and the norm of its integral mean in the Lebesgue spaces Lp(fi), dfi(t) = ta~1 dt, is extended to the class of rearrangement invariant spaces X(fi). These spaces include, for example, the Lp(ji), the Lorentz and the Orlicz spaces. As an application, necessary and sufficient conditions are obtained for an operator related to the Laplace transform to be bounded as a linear operator between rearrangement invariant spaces of /(-measurable functions.
For (T>0, we write d/u,(t) = ta~1 dt and denote by Lp(¡u) the space of ¡i-measurable functions on (0, oo) for which the norm f(tf 1/(0 W))1", l £/»<.», In this paper we determine necessary and sufficient conditions which allow the Lv(¡x) spaces which appear in Hardy's theorem to be replaced by a function space of a more general class. The class of spaces with which we deal possess the property of rearrangement invariance and include, for example, the Lp(/x) spaces, the Lorentz and the Orlicz spaces. We apply our results to the Laplace transform considered as a linear operator between rearrangement invariant spaces.
Following the approach of [2] we assume that X(m), m denoting Lebesgue measure on (0, oo), is a Banach space of Lebesgue measurable functions on (0, oo) whose norm ||-||A-/m) is rearrangement invariant in the sense that two functions which are equimeasurable with respect to m have the same norm. The rearrangement invariant space X(p) then consists of those /x-measurable functions on (0, co) for which / * e X(m) and the norm in X(p) is given by ||/llA-(w=ll/*llx(m>-Here, as usual,/* denotes the nonnegative, nonincreasing rearrangement off which is equimeasurable with/ in the sense that p{t: 1/(01 >y) = m{f.f*0) > y) (J > 0). (ii) The condition A'S Y is necessary for P' e \X((i), Y(¡u)] and the condition if h(sa) ds/s< oo is sufficient for P' e [X(ji), Y(/u)].
For the Lorentz space V-q the indices are given by o.=ß=\jp, so in particular, taking p=q in Theorem 1 we recover Hardy's theorem. The indices for the various Lorentz spaces A(<p,p), M(<p,p) and the Orlicz spaces LM<t>, L# have been computed by Boyd [1] . We leave to the reader the application of those results to our Theorem 1.
For the particular case o= 1, Theorems 1 and 2 were obtained by Boyd [1] and applied to a study of the Hubert transform. Here, we give one application of our results to a transform which is related to the Laplace transform JS?. Let the transform T be given by (Tf)(s) = \ (<?f) (-) = fV"/(i) ~ (s> 0). We prove the following: Note that the operators.?, P', and Tare, for appropriate choices of a(t), of the form Kin the lemma. In particular, Theorem 2 follows immediately from the lemma, and we now prove Theorems 1 and 3. 
